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ABSTRACT. We define a projective link between maximal ideals, with respect to
which an idealizer preserves being of finite global dimension. Let D be a local
Dedekind domain with the quotient ring K. We show that for 2 < n <5,
every tiled D-order of finite global dimension in (K), is obtained by iterating
idealizers w.r.t. projective links from a hereditary order. For n > 6, we give
atiled D-order in (K), without this property, which is also a counterexample
to Tarsy’s conjecture, saying that the maximum finite global dimension of such
an orderis n—1.

INTRODUCTION

Let D be a local Dedekind domain with a unique maximal ideal #D and the
quotient ring K. If a D-order A in the full n x n matrix ring (K), contains

n orthogonal idempotents then A is isomorphic to a subring (n'l"fD) of (D),
where /lij >0, 4,;=0 and Zij+ljk > Ay forany 1<i,j,k<n,andso A
is called a tiled D-order in (K), (cf. [5]).

In [2] we have introduced an idealizer with respect to a link between maximal
ideals in an arbitrary ring and shown that every tiled D-order is obtained by
iterating the idealizers w.r.t. links of maximal ideals from a hereditary order.
In this paper we define a projective link between maximal ideals, with respect to
which an idealizer preserves being of finite global dimension (Theorem 1.1) and
show that for 2 < n <5, every tiled D-order of finite global dimension in (K),
is obtained by iterating the idealizers w.r.t. projective links from a herediatry
order (Theorem 2.1). This fact is deeply connected with the following conjecture
posed by V. A. Jategaonkar [5]:

(J) If A is a basic tiled D-order of finite global dimension then there is a
vertex i in the quiver of A such that |i*|=1 or |i7|=1.

As noted in [5], if (J) were true it would be also true that

(T) the maximum finite global dimension of a D-order in (K), is n—1,
holds for the class of tiled D-orders. This was conjectured by Tarsy [8]. For
some classes of tiled D-orders, (T) is settled by Jategaonkar [4, 5] and Kirkman
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and Kuzmanovich [6], and in [6] a counterexample to (J) (but not to (T)) is
obtained. We shall give a counterexample to (T) in the class of tiled D-orders
in (K), where n > 6 (Example 2.5). When 2 < n <5, (J) holds and using
Theorem 2.1, a list of the representatives of isomorphism classes of tiled D-
orders of finite global dimension in (K), is obtained (Appendix).

We shall note that for the class of tiled D-orders of global dimension two,
(J) holds. This gives some connection between these D-orders and maximal
D-orders (Proposition 2.8).

Throughout this paper every ring is associative with an identity element and
every module is unital.

The right (left) global dimension of a ring R is denoted by r.gl.dim R
(lLgl.dim R). Let R be an order in a simple artinian ring Q. Let I, J be sub-
sets of Q. Then weput (I:J), ={qeQ|JgC I}, (I:J),={qe€QlqgJ C I},
O.(I)=(I:1), and O/(I) = (I:1),.

1. AN IDEALIZER W.R.T. A LINK

Let S be aring and A a right ideal of S. Then the idealizer of A in S is
the subring {s € S|s4 C 4} and denoted by I (4). A is said to be generative
if S4 =S holds. A subring R of I;(4) containing A4 is a tame subidealizer if
A 1is a generative right ideal of S and if R/A4 is a semisimple artinian ring (cf.
[3]). We also define similar notions for a left ideal. Let M, M, be maximal
ideals of §. Then there is a /ink from M, to M, , denoted by M, ~ M, , if
M,NM, 2 M,M_ and if S/M, and S/M, are artinian. When M, ~» M, and
M, # M, , there exists a right ideal 4 of § such that

M, /M,M, = A/M,M, & (M, N M,)/M,M,.

The idealizer of 4 in S is called an idealizer with respect to a link M, ~~ M, . It
should be noted that if A D I" are successive tiled D-orders then I' is obiained
as an idealizer w.r.t. a link in A (cf. [2, §4]).

Utilizing tame subidealizers, we can obtain bounds of global dimension of
an idealizer w.r.t. a certain link.

Theorem 1.1. Let S be a ring and M, M, maximal ideals of S such that
M,~ M, and M, /> M_, and let R be an idealizer w.r.t. M, ~ M, . Suppose
that there exists a ring T such that S is contained in T as a subring and that
M, is a generative right ideal of T (or M, is a generative left ideal of T).
Then

rgldim S -1 <rgldim R <rgldim S+ 1

and

l.gl.dim S — 1 <l.gldim R <lgl.dim S + 1.
Proof. 1t follows from [2, Lemma 1.1] that there are a right ideal 4 and a left
ideal B of § such that M, DAD MM, , M, > B> MM,

M, /MM, = A/M,M, ® (M, M,)/M,M,,
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M, /M M, = BIJM,M, & (M, N M,)/M,M,

and that R =1 (4) = I(B). Note that M, M, = ANB . Hence by [2, Corollary
1.4], M,/M,M, is semisimple as a left R-module. Since B(A/M,M,) =
and A(M,NM,)/M,M,) =0, A/M,M, is a homogeneous component, so
fully invariant in M, /M, M, as left R-modules. Since M, % M,, M M, =
M,NnM, > M,M,. Suppose that M, is a generative right ideal of 7. Then
note that sz =M,TM, =M, T =M,. Hence

M,M, > M,M,M,T > M,M,M,T = M,M, T > M,M,,

sothat MM, = M, M, T . Therefore forany t€ T, f:x+M,M +— xt+M,M,
is a well-defined mapping in End,(M,/M, M ). Hence

(At + M,M,)/M,M, = f(A/M,M,) C A/M,M,

and thus A isarightideal of 7. Moreover by [2, Lemma 1.1(b)], T4 = TSA4 =
TM, =T. Therefore A4 is a generative right ideal of 7". In a similar way, we
can show that if M is a generative left ideal of T then sois B. Consequently
S and R are tame subidealizers in 7. It is now easy to complete the proof by
[3, Theorems 2.2 and 2.10].

When S is a noetherian prime ring, the theorem is rephrased as follows.

Corollary 1.2. Let S be a noetherian prime ring and M, , M, maximal ideals of
S with M, ~ M, and M, ¥» M, and let R be an idealizer w.r.t. M, ~ M, .
If M, is idempotent and left S-projective (or M, is idempotent and right S-
projective), then

gldim S — 1 < gl.dim R < gl.dim S + 1.

Proof. Recall that a noetherian prime ring is an order in a simple artinian ring.
Put T = O,(M,). Suppose that M, is idempotent and left S-projective. Then
T =(S$:M,), and (S:M,) M, = T, so that M, is a generative right ideal of
T (and vice versa (cf. [3, Proposition 1.1]). Thus T satisfies the hypotheses of
the theorem. This completes the proof.

Definition. We call a link between maximal ideals projective if it satisfies the
hypotheses of the theorem.

Remarks. (1) In [8], Tarsy conjectured that if A D I' are successive D-orders
of finite global dimension then their global dimensions differ by at most one.
A counterexample to this conjecture is given in [4]. However, if A and T are
basic tiled D-orders and if the associated link is projective then this conjecture
follows from the theorem.

(2) The hypothesis * M, »» M_~ is necessary (cf. [2, Proposition 5.6]).

(3) In the theorem, gl.dim S — 1 and gl.dim S + 1 are the best bounds of
gl.dim R.
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Example 1.3. Let A be the basic tiled D-order

D =nD mD =nD =nD
D D nD =nD =nD
D D D =D =nD
nD nD nD D =nD
D D =nD D D

Then gl.dim A = 3 and the link graph of A is given by

[\/
Paln

Let M, be the set of all matrices in A whose (i, i)-entries are in nD (i =
1,...,5). Then M, ..., M, are the maximal ideals of A. Note that M, and
M, are left A-projective. Let o, a,, and a; be the links M; ~ M, , M, ~
M, , and M; ~ M, , respectively, and let I', be the idealizer w.rt. o; (i =
1,2,3). Then gldim I') =2, gl.dim I', = 3, and gl.dim I'; = 4.

2. TILED ORDERS OF FINITE GLOBAL DIMENSION

Let D be a local Dedekind domain with a unique maximal ideal 7D and
the quotient ring K . The main object of this section is to prove

Theorem 2.1. Suppose that 2 < n < 5. Let A be a basic tiled D-order in
(K), and gl.dim A < oo. Then there exists a chain of basic tiled D-orders
A=Ay CA C - CA, such that A, is hereditary and that A,_, is the
idealizer w.r.t. a projective link in A, where i =1,...,t. If n > 6 then there
exists a tiled D-order of finite global dimension in (K), which does not have the
above property.

We now recall some definitoins and notation of tiled D-orders. Let n >
2 and let A = (n’l'fD) be a basic tilded D-order in (K),, where Al.j ’s are
nonnegative integers, 4, =0, 4;;+ 4, >4, ,and 4, +4; >0 (if i # j) for
any 1 <i,j,k<n.Put my; =1 (if i=j=k) and 4, (otherwise) for any
1<i,j,k<nand M, = (n"D) forany 1 <k <n. Then M,..., M,
are the maximal ideals of A and J = M, Nn---N M, is the Jacobson radical
of A. Let e; be the matrix in (K), whose (i, i)-entry is 1 and the others
are 0. @(A) = (@(A),,@(N),,v) is the valued quiver of A provided that
@(N), = {1, ..., n} is the set of vertices, &(A), is the set of arrows defined
by i—je@(A), if ej(J/Jz)e,. # 0 and that v is the mapping from & (A), to
nonnegative integers such that for any a:i — j € Z(A),, v(a) = lﬁ Gfi#j)
and 1 (if i =j). Let

(!l « a

M 2 e m
DXy — X —> =X,
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be a path in @(A). Then we put v(p) =Y., v(e;) and we call p a v(p)-path.
Z(A) denotes the set of all 4, -paths from j to i in &(A) where i, j € Z(A),
and i # j. An order is associated with Z(A), i.e., for p,, p, € #(A), p, <p,
if p, is a subpath of p,. For i € &(A),, i* (resp. i~ ) denotes the set
{x € @(A)yli = x € @(A),} (resp. {y € Z(A)yly — i € &(A),}). Note that
M;~ M, if and only if i/ — j € @(A),. (See [9] and [2, §4].)
Let I = (n%D) and H = (z°D) be ideals of A, and put

X = Max{b, ; — a;,|1 <k < n}
and

y;j =Max{b, —a,|l <k <n}
forany 1 <i, j <n. Thenitholdsthat (H:I), ={q € (K),|Iq C H} = (n"D)
and (H:I),={q € (K),|gl Cc H} = ("7 D).
Lemma 2.2. Let M, be a maximal ideal of A and put I = O,(M,). Then
A=1(M,).
Proof. Put T = (n"“D) and O/(M,) = (z’D). Since A C O,(M,) N O/(M,),
;<A and y,; < A;; forany 1 <7, j<n.Itiseasily checked that y;; > 4,
(if i#b)and y,; 24, (if j# b). This completes the proof.
Lemma 2.3. Let M, be a maximal ideal of A and projective as a left A-module.
Put T = O,(M,) = (n’"D). Then there exists | € @(A), such that b" = {l}
and | # b . Moreover,

(1) forany 1<i<n, my, =m,, +m,,, inparticular A, + i, =1.

(2) v,y =4,;—4, (f i=0) and A; (otherwise).

Proof. Since M, is left A-projective, b* = {I} for some [ € @(A), with
l#b.

(1) Let i # b. Then any A,-path from b to i contains the arrow b — /.
Hence 4, = 4,+ 4, and so m,, = m,, +m,, . Let i = b. Then for any
k#b, 1, Ay +Ay, =2y +Ay+4, >4, +4,. Since b—bg&(A),,

1 =my, =Min{m,,, +m, |1 <k<n}=21,+4,.
This completes the proof of (1).
(2) This follows from (1) and the proof of Lemma 2.2.

A right ideal of a ring is semimaximal if it is an intersection of finitely many
maximal right ideals.
Lemma 2.4. Let M, be lefi A-projective with b™ = {l} and T = O,(M,). Then
the following statements are equivalent.

(1) I~ ={b}.

(2) T isleft A-projective.

(3) M, is a (semi)ymaximal right ideal of T .
Proof. (1) = (2). Let j # b, /. Then by the hypothesis, A= Ay + Apj-
Hence A,j — Ay = Abj. Hence by Lemma 2.3(2), l"ej = Aej. Moreover, by
Lemma 2.3, T'e, = Ae, and T'e; = Ae,, so that I' is left A-projective.
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(2) = (1). Since ,I is finitely generated and projective, I'/M, = A/M,®, '
is simple as a right I-module. By Lemma 2.2, A = I(M,). Thus it follows
from [7, Theorem 1.3] that 0 — A/M, — I'/M, — T'/A — 0 is a nonsplit
exact sequence of right A-modules and (I'/A), is simple. Since 6" = {/},
M, = ann,(I'/A) = (A:T), . Since I is projective, M,I'= O,(I') =T". Hence
M, is right A-projective, so that [~ = {b}.

(2) < (3). This follows from [3, Proposition 1.3] and Lemma 2.2.

Let n, be the maximum number among 7 ’s satisfying the following condi-
tion:

(J)If A isabasictiled D-orderin (K), and gl.dim A < oo then there exists
i € Z(A), such that lifl|=1or |iT|=1.

It follows from [5, Theorem 4.2; 4, Lemma 5] that n, > 4. The following
example shows that n, < 5, which is also a counterexample to Tarsy’s conjec-
ture.

Example 2.5. Let A be the basic tiled D-order whose valued quiver is given by

2

1 1 1 1 1 1
s~ & P g VN
1—.’2—'340_4 ———'5—-——’...—’,1
0

0 0

here n > 6. Then gl.dim A = n and (J) does not hold.

Remarks. (1) This example is something like Tarsy’s [8, Theorem 11].

(2) It is shown in [5] that for a fixed n, there are only finitely many isomor-
phism classes of tiled D-orders of finite global dimension in (K), . Hence there
is the maximum finite global dimension of a tiled D-order in (K), . Although,
at present, » is the maximum among known examples, we do not have enough
reason to conjecture that » is the maximum.

By [5, Theorem 2.3], we can determine whether n, is 4 or 5 at least in
principle. Making use of the idealizers w.r.t. links [2, Proposition 4.6], we can
shorten the computation and it is verified that when n = 5, (J) holds. Thus we
obtain

Proposition 2.6. The maximum number satisfying (J) is 5.

Lemma 2.7. Let A be a basic tiled D-order in (K), and M, a maximal ideal
of A. Then the following statements are equivalent.

(1) M, is left A-reflexive.

(2) 0(M,)2A.

(3) There exists a € @(A), such that a # b and any A,,-path from a to b
is maximal in P (A).
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Proof. Since M, is a maximal ideal, M, is left A-reflexive if and only if
(A:(A:M,),); G A if and only if (A:M,), 2 A. As in the proof of Lemma 2.2,
it is shown that O,(M,) = (A: M,),. Hence (1) is equivalent to (2).

Put O.(M,) = (r"iD). If i # b then 7ij = 4;; holds. Hence 0,(M,) 2 A if
and only if there is a € &(A),, such that a # b and 4,, > Max{m,; ,—m,;,|1 <
k < n} if and only if there is a € &(A), such that a # b and 4,, +4,, > 4,
for any k # a, b. Retaking a if necessary, this is equivalent to (3). This
completes the proof.

Although the next proposition deviates from the proof of the theorem, we
obtain it as an application of Lemma 2.7.

Proposition 2.8. Let A be a basic tiled D-order in (K), and gl.dim A = 2.
Then there exist a, b € &(A), such that |a | =1 and |b"| = 1. Moreover,
there exists a chain of tiled D-orders A=T,c ', C---CT, suchthat T, is
a maximal order, T',_, is obtained as an idealizer in T'; (1 <i < m) and that
forsome 1 <I<m, gldimI, =1 (if I<i<m)and 2 (if 0<i<]).

Proof. Since Z(A) is a finite set, there exist a, b € €(A), such that any 4, -
path from a to b in &(A) is maximal in &(A). Hence by Lemma 2.7, M,
(resp. M) is right (resp. left) A-reflexive. Since gl.dim A = 2, it follows from
[1, Proposition 5.2] that M_ (resp. M, ) is right (resp. left) A-projective, i.e.,
la”|=1 and |b"| = 1. Put I', = 0,(M,). Then I', is finitely generated and
projective as a right A-module. Hence gl.dim I'; < gl.dim A. By Lemma 2.2,
A= Irl (M,) . Repeating a similar argument, we obtain a desired chain.

We are now in a position to prove the theorem.

Proof of Theorem 2.1. Let A be a basic tiled D-order in (K), with a —» b €
@(A), and a # b, and let T be the idealizer w.rt. @ — b in A. Then it
follows from [2, Theorem 4.9] that the new arrows in &(I'), are in the form of
a—y or x— b where x ca” and y € b*. Hence if a — b is a projective
link then |[b™| =1 or |a~| =1 in &(I"). Therefore any basic tiled D-order
obtained by iterating the idealizers w.r.t. projective links from a hereditary order
satisfies (J). Hence for n > 6, the'tiled D-order of Example 2.5 is not obtained
in such a way.

Suppose that 2 < n < 5. Let A be a basic tiled D-order with gl.dimA < co.
It follows from Proposition 2.6 that there exists b € (A), such that |b | =1
or |b*|=1.Let b* ={/}. Put

and A’ = uAu~"' = (2" D). Then 4;=0 forany 1<j<n and 4, >0 for

. . 1A !/
any 1 <i,j<n (cf. [5 Lemma 11]). Note that )‘U +/lji = ’IU +Ajl.. Hence
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!

Ay =//1;1 +,A;b = Ay +;/1,b = 1 b}' Lemma 2.3(1)./ Hence forany 1 < j < n,
Ozl,j Silb+’1bj =/1bj S/lb,+/1,j =1, so that /lbj =0 orl.

Suppose that /= # {b}. Then for some a with a # b, [, l;m = 1. Since
b—le@W),,0=24, <A,+A,=4,. Hence A, +4,, >2. Since M, is
left A-projective, it follows from Lemma 2.7 that retaking a if necessary, any
Ap,-Path a to b is maximal in P(A').

Put A = (n "ID) where /1“] }“u 1 (if (i, j) = (b, a)) and A;j (other-
wise). Then it follows from [2, Lemmas 4.3 and 4.5] that A'l is a basic tiled
D- order and A’ is the idealizer w.r.t. a — b in A Put I' = O.( b) Then

lb =A Mb is a maximal ideal of A by [2, Lemma 1.1, ' = O.( 1b) and
I'M], = 'M, = T". Therefore M,, is left A|-projective, so that b* = {/}
in Z(A)). Ifb—ac @(A}), then a = 1, s0 A,y = 4y, = 0 and so
,1'1 T /1'1 »a = 0, which is a contradiction. Thus a — b is a projective link
in A'l . It follows from Theroem 1.1 that gl.dim A'1 < 00.

After at most n—2 times repetition of the above procedure, we obtain a chain
of basic tiled D-orders of finite global dimension A’ = A;) C A'l Cc---C A'r such
that A]_, is the idealizer w.r.t. a projective link @, — b in A, (1 <i <)

and A:bj =0 for any j # ! where A'r = (n'liuD), Hence /™ = {b} in é?’(A'r).

When |b™ | = 1, consider a similar argument as above. If A'r is not hereditary,
repeat the above argument. It is now easy to complete the proof by

Lemma 2.9. Suppose that 2 < n < 5. Let A be a basic tiled D-order in (K),
and gl.dim A < oco. Then the following statements are equivalent.

(1) Forany 1 <i,j<n withi#j, i" ={j} ifand only if j~ = {i}.

(2) A is a hereditary order.
Proof. 1t is clear that (2) implies (1). We prove (1) = (2) by induction on
n. If n =2 then gl.dim A < oo if and only if A is hereditary, so that the
assertion holds. Let n > 3. Then by Proposition 2.6 and the assumption,
there exist 1 < b,/ < n such that b # [, b* = {I} and I~ = {b}. Put
I'=0,(M,) and I' = el'e where e = Zi#lei. Then I' satisfies (1) and by
the induction hypothesis I" is hereditary. Since I' is Morita equivalent to I",
" is also hereditary. By Lemma 2.2, A =I.(M,) and by Lemma 2.4, M, isa
semimaximal right ideal of I". Therefore it follows from [7, Theorem 4.3] that
A is a hereditary order. This completes the proof.

Corollary 2.10. Suppose that 2 < n < 5. Then the set of basic tiled D-orders of
finite global dimension in (K), coincides with the set of basic tiled D-orders in
(K), obtained by finite iterations of the idealizers w.r.t. projective links from a
hereditary order.

Proof. This follows from Theorems 1.1 and 2.1.

In connection with the corollary and [2, Proposition 4.6], it might be a natural
question whether any basic tiled D-order of finite global dimension appears in a
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chain of successive tiled D-orders of finite global dimension from a hereditary
order. The following example shows that this is not true.

Example 2.11. Let A = (nl'fD) be the basic tiled D-order

D D D D D D
nD D nD =nD D D
nD =D D D D D
7D D #*D D =D D
7D n°D =D zD D D
7D 7’D #n*D =D =D D

Then gl.dim A = 5. Let (a,, b)) = (6, 1), (a,, b)) = (4, 2), (a5, by) = (3, 4),
and (a,,b,)=(2,5). For 1<k<4 and 1 <i,j<6,put Yeij = Ay — 1 (if
(J, i) =(a, b)) and Aij (otherwise) and put ', = (n’%i D). Then r,.., T,
are the successive tiled D-orders containing A and gl.dim I', = oo for all
k=1,...,4.

3. APPENDIX

In this appendix we shall give a list of the representatives of isomorphism
classes of tiled D-orders of finite global dimension in (K), where n =4, 5.
This list is obtained by computation using Theorem 2.1. When n < 3, see [8].

Let A= (ni'fD) be a tiled D-order. Then we put d = d(A) = 2 A In

the following matrices A, 2' stands for z'D (0<i<4).

ORI IR IR I 5 IR I 5
21111|To . , 21111 N,
A= | 42111 Lo oac] 22011 of L33l e
2211 | 2 4 42211 PN
42221 Ny h4221 ) 20—y
1
gldimA =2 gldimA =2
d=13 d=14
2
IRIEIREE 3 111 11) 11— s
210001 N 21111 e
A= | 22111 1014 5 A= 4211110030 0
b2212 | NVALT 42211 Y
42221 2 be221 ) 2 4

|

gl.dimA =2 gldimA =3
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d=14

d=14

=2

gldimA

=3

gl.dim A

d=14

d=14

=2

gl.dim A

=2

gl.dim A

d=15

d=15

4221

8 42 21

gldimA =3

gl.dimA =2

d=15

d=15

2
4 4 4 21

— —— o

- - - -«
- N - NN
- - NN
i RS S g
Il
<

gldimA =3

=4

gl.dimA

d=15

—— ™
o
—
—_——
- N ~— «—
— N - NN
—— N NN
— AN TS
Il
<
&N
n—>mN

— &— N
N—

—_—
— — - N —
- = - — N
— — — N N
— — AN N
— N &I T

gldimA =3

gldimA =3
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d=16

d=15

— - — v— —

=3

gl.dim A

=2

gl.dim A

d=16

d=16

— - — — —

— o = —

gl.dimA

gldimA =3

d=16

d=16

—— e —

— o — — -

gldimA =3

=4

gl.dimA

d=16

d=16

d=16

d=16

gl.dimA =3

gl.dimA =3
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d=17

d=16

N —> 3
.//”
2]
o
o -
—-——
N—?
o
-
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